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All solutions of the Riemann problem for the Selfsimilar ZND-combustion model 
in gas dynamics are constructed. That all the CJ-solutions with entropy conditions 
in [2], the number of which may be nine for some initial data, are the limits of 
these solutions as the reaction rate goes to infinity, is proved. 0 1992 Academic 
Press, Inc. 
As we know, gas combustion embodies a lot of nonlinear phenomena. 
The most important of them are detonation (flame with high speed) and 
deflagration (flame with low speed). Early in the 1940s Courant and 
Friedrichs proposed a Chapman-Jouguet combustion model and obtained 
its partial solutions, including deflagrations and detonations. And the com- 
plete solutions for Riemann problem of this model is obtained by Zhang 
and Zheng [2], recently. In [2], they suggested a set of entropy conditions 
which consists of two parts-the pointwise and the global entropy condi- 
tions. Under this set of entropy conditions, they obtained constructively the 
existence and uniqueness of the solution of this Riemann problem with 
characteristic method. If the global entropy conditions are given up, the 
uniqueness will be violated and the problem may possess nine solutions for 
some initial data. The problem we have to answer is whether all of the 
solutions are physical ones, i.e., for instance, whether they are the limits of 
the corresponding Zeldovich-Von Neumann-Doting combustion model as 
the rate k of reaction goes to infinity. 
Let us have a look for scalar conservation combustion model. Ying and 
Teng [4] consider the Riemann problem of the ZND combustion model 
(A1) 
(u+qz),+f(~)x=O 
{z, = - kq(u)z, 
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where 
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i 
0 
v(u)= l 
UdO 
24 > 0. 
They obtained the existence and uniqueness of its solution. Furthermore, 
they proved the existence of limit of solution as k goes to infinity and found 
that the limit function is a solution of the Riemann problem for the corre- 
sponding CJ-combustion model. Liu and Zhang [S] studied the Riemann 
problem of this CJ-model. They summarize a set of entropy conditions 
from Ying and Teng’s solutions. This set of entropy conditions is divided 
into two parts-the pointwise and the global ones. Under the entropy 
conditions they obtained constructively the existence and uniqueness of its 
solution. Besides, they consider the ignition problem also. They found that, 
if the global entropy conditions are given up, in addition to the noncom- 
bustion solution, all the ignition solutions will be picked up. This time the 
Riemann problem may possess four solutions for some initial data. Jlger, 
Yang, and Zhang [6] proved that all the Selfsimilar solutions are the limits 
of the Riemann problem of the following Selfsimilar ZND-model 
(U+P),+f(U)x=O 6%) k 
z,= -; cp(u)z. 
Based on these results Zhang [3] conjectured that the analogous conclu- 
sion is true for gas dynamics, i.e., all pointwise solutions are limits of the 
solutions of the Selfsimilar ZND-model in gas dynamics. 
We will prove this conjecture is true in this present paper. 
The paper is organized as follows: in Section 2, we propose the problem, 
present the related results of [2], and emphatically point out all the 
selfsimilar solutions of the Riemann problem when we desire the pointwise 
entropy conditions. In Section 3 we analyze the selfsimilar ZND-model and 
prove some properties of its solution a priori. In Section 4 we prove the 
existence of selfsimilar solutions of the selfsimilar ZND-model as k large 
enough. From the proof, one can easily find that, if the temperature is 
higher than the ignition point along burning solution of selfsimilar 
ZND-model, all the pointwise solutions are the limits of selfsimilar 
ZND-solutions. In Section 5 we investigate the temperature along burning 
solution of selfsimilar ZND-model. 
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2. PRELIMINARIES 
In Lagrangian coordinates, one-dimensional adiabatic, inviscid flow of 
combustible ideal gases with infinity reaction rate is described by the 
hyperbolic conservation combustion system, 
M 
u,+p,=o (2.1) 
T,-u,=O (2.2) 
E, + (PU), = 0 (2.3) 
q(x, t) = 0, if sup T(x, s) > Ti; =q(x, 0), otherwise, (2.4) 
OSSSf 
where U, p > 0, r > 0, and E > 0 are the velocity, pressure, specific volume, 
and specific total energy, respectively, E = u2/2 + e + q, here, for polytropic 
gases, the internal energy e = e(T) =pr/(y - 1 ), y is the adiabatic exponent. 
q is the chemical binding energy and we regard the combustion process as 
nothing but the liberating of it. T is temperature, which satisfies Boyle and 
Gay-Lussac’s law pr = RT, R is a constant depending on the effective 
molecular weight of particular gas. For simplicity we assume R and y 
remain unchanged during the reaction. 
With characteristic method, Zhang and Zheng [2] studied the Riemann 
problem delicately, i.e., under some entropy conditions, they obtained 
constructively the complete solutions of (A,) with the following initial data 
i 
(u-, p-9 z-9 4-h 
(~~P~~?q)(x~O)= (u+,P+,T+,q+), 
x-co 
x > 0. 
For convenience, in this section we summarize the related results of [2] 
for a class of typical initial data 
(4 P, T? 4)(x, 0) = i 
(u-, p-, z-3 Oh x<o 
(u+, p+, Z+, qo), x > 0, 
where 
p-r- > Ti, p+~+ < Ti (say R= 1). 
By (2.4) we know 
q(5) = 1 0 as 5<v 40 as r>v. 
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(q is a positive constant.) Through calculation, we can easily find the three 
eigenvalues of (2.1-2.3) are 
2 = + rp 112 
4 ) T ’ &=O. 
Analogous to noncombustion cases, we assume the solution satisfies 
Lax-entropy conditions (which are equivalent to A *y < (T k Q I +! since 
1- < 0 < ,I+) at any noncombustion shock discontinuous point. The 
solution may be discontinuous but satisfies the Rankine-Hugoniot 
condition [u] = [p] = 0 at 4 = 0 (5 = x/t). 
Based on the analysis above, we may construct the selfsimilar solutions 
of (A,). As l< 0, p-r > Ti= q(5) ~0. Figure 2.1 illustrates all the (O-) 
states which can be linked by shock or rarefraction waves from the (- ) 
state, where 
PdP 
P>P- 
S(-):u=u--(p-p-) (‘:, ; ~~;‘-)‘;‘, P’P 
RL(-):u=u_ - l-/P -T’/2p1/2Y(p(Y~1)/2Y_p(y--1)12Y), 
P4 
o<p<p-. 
For 5 > 0, p +t + < T,. Figure 2.2 illustrates all the (0 + ) states which can 
be linked by shock, rarefraction, detonation, or deflagration waves from 
the (+ ) state, where 
R(+):pzY=p+tY+ 
S(+):(P+P2P+)(~-P2~+)=(1-P4)P+~+ 
WDF(I’,): (p + p2pi,)(? - p2Q = (1 - p”) Ti + 2p*q,, P GPi,y 
SDT(+):(P+P*P+)(~-P~~+)=(~-/J~)P+~+ +2p2q,, P’Pk 
FIGURE 2.1 
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FIGURE 2.2 
(we assume the gas constant R = 1) Rk is the p-component of the tangent 
point (called CJDT point) of the tangent line which starts from (+ ) state 
to the curve 
Similarly, the tangent point of the tangent line starting from point (i,) to 
WDF(i,) is called the CJDF point. The R-curve starts from point CJDF 
denoted by R(CJDF). 
R(CJDF), R(CJDF), R(CJDF) are defined in the same way. 
We can also give the explicit expressions of the curve SDT( +), 
WDF(i,), etc. (see [2]). 
Having known all the (O+) states, we immediately obtain the solutions. 
From the R-H condition [u] = [p] = 0 at C; = 0. So it is suffices to find all 
the cross points of the two curve W( - ) and W( + ) in (u, p)-plane. Every 
cross point corresponds to a solution and when we know the cross point, 
we can immediately know the structure of the solution. 
For convenience we will assume the temperatures at CJDT and CJDF 
are higher than Ti. We will prove all the solutions (constructed above) are 
the limits of u,(c), where ~~(0 is the,selfsimilar solution of the selfsimilar 
ZND-model 
u,+p,=o 
zt-z4u,=o 
b44) 4 + (PUL = 0 
(u~P~?q)(x~o)= 
x<o 
x > 0, 
where 
as T>Ti 
as T<T,. 
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3. THE STRUCTURE OF THE SOLUTION OF THE SELFSIMILAR 
ZND-COMBUSTION MODEL 
We are interested in selfsimilar solution, i.e., we want to find the solu- 
tions satisfying 17(x, t) = U(x/t). Perform selfsimilar transformation 4 = x/t, 
(A2) write as 
w(r) -P’(t) = 0 (3.1) 
<r’(4) + u’(5) = 0 (3.2) 
W(5) - (UP)’ = 0 (3.3) 
W = kdT)q (3.4) 
(u,P,~,q)(+~)=(u’,P’,~‘,q*), q- =o, q+ =qo, (3.5) 
where 
T< Ti 
T> Ti. 
From (3.3) we obtain 
5(e + q)’ + 5pr’ = 0. (3.3)’ 
If l# 0, (3.3)’ becomes 
YPT’ + TP’ = - 4’(5)(Y - 1) 
when we consider the polytropic gases. 
First, we suppose T> Ti as 0 < 5 < q, this implies q(5) = q0(5/q)k (q is a 
constant to be determined later). Combining (3.1) with (3.2), we obtain 
p’ = - [*r’ and from this we derive 
p,(5)= -kwo(y - 1)(5/~)~+l 
t*r - YP 
(A.11 
(A.21 
for O<t<q. 
As we know in Section 1, A+ = (yp/r)“*. t2 = yp/z is a two-dimensional 
surface (denoted by P) in (5, p, r)-space. And it divided RI into two parts 
[denoted by F(5 > (yp/z)“*) and S(0 < < < (yp/r)“‘)]. 
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We consider the integral curve determined by (A.1 ) and (A.2) first. 
(1) If the curve is included in part F, we know 
t’(t) > 0, i.e., z( <) monotonously increasing 
P’(t) < 0, p( 5) decreasing 
which means for every < > &,, we always have (5, p(r), r(5)) E F, provided 
that (to, p(tO), ~(5~)) EF. In fact, if it is not the case, i.e., there exists 
a ,tl > to s.t., for every 5~(5~, tl) we have (5, p(5), T(<))EJ’ but 
(<, p(ct), T(~~))E P, i.e., <~=yp(~l)/r(~,). From this we can conduct a 
contradiction. 
By the monotonicity of p(l), r(g) one easily obtains 
<2 = YP(51) < YP(lo) < (2 < 52 
1 
T(51) T(50) O ” 
(2) If the integral curve belongs to part S, we know 
T’(5) < 0, r(c) monotonously decreasing 
P’(5) > 0, p( [) increasing. 
We also want to prove that for every 5 > to, we always have 
(5, p(t), $5)) E S, if (to, ~(5~)~ T(M)E S. 
Proof. If it is not true, there exists a t1 > to s.t. (5, p(r), r(4)) ES for 
5~ (to, <r) but <: = yp([,)/r(t,). Consider the two curves p(5) and 
~35) = (l/y) $<)t’ in the (t, PI-plane. 
Fromp(t)>P(t;) as to<5<t, andp(t,)=P(t,), we knowp’(5,-0)6 
p’(tl - 0). On the other hand, 
ii’(5r-o)=tl:z’(r,-0)+25,~(~,)= --00 
which contradicts p’( 5 I - 0) = + cc. 
Combining with (1) and (2), we assert: 
THEOREM 3.1. Zf the initial point (co, p(t,), ~(5~)) belongs to F or S, 
then the integral curve will always belong to the corresponding part F or S 
for 5>to. 
Remark. If (to, p(t,), ~(5~)) EP, we denote the integral curve by Z. 
Z intersects with surface P at 5 = to. By virtue of the existence and unique- 
ness theorem of the ordinary equation, we know that if (5, p(r), r(5)) E Z, 
(<, p(t), $5)) $ P, then it must have 5 > to. This means, if the curve once 
leaves the surface P, it will never intersect with P again. 
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Based on the above discussion, we may construct all the piecewise 
smooth functions satisfying Lax-entropy conditions at any nonzero discon- 
tinuity point. The solution consists of burning and unburning segments, 
and q(c) may be discontinuous at r = 0. 
First we construct them in (p, <)-plane. Denote the burning segment by 
p(5). From the above analyses, we find that, if p(5) is monotonously 
increasing, it must have (5, p(r), $5)) E S. This implies 0 -C 5 < il. By 
Lax-entropy conditions, p(4) may be discontinuous at the right side only 
(the left side discontinuity is not permitted). 
Similarly, if p(t) is decreasing, it may only be discontinuous at the left 
side. In addition, along the decreasing burning solution, we have 
db) <*2>yp>p, i.e., -= - 
& ’ 
i.e., the temperature is decreasing as 5 increases. 
From 
pzy = c, 
5’= YPb 
we obtain 
p = C,yY/(Y + 1) (for rarefaction waves). 
This implies p(t) is a monotonous function of <, i.e., the temperature 
T(l) (along p(t)) is a monotonous function. 
Based on the above facts, we find that only the structures in Fig. 3.1 are 
admissible solutions. 
prc pp+$ 
(i) (iii) 
(ii) (iv) 
FIGURE 3.1 
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The next thing we want to do in this section is to investigate the 
temperature along the burning solutions a priori. 
THEOREM 3.2. It is impossible for temperature along the burning solu- 
tions to possess two critical points t1 and t2 s.t. <, < r2 and T’(r) < 0 for any 
5E(<l, 52). 
Proof. Suppose the theorem is not true, i.e., there exist <r and rz s.t. 
tl < t2 and T’(l) < 0 for every t E (tl, t2). 
We will conduct a contradiction from this fact. 
In fact, T =pz. So, 
T’(t)=p’z+r’p= -kq,,(y--1)-i (Y ’ 1). 
Since t*r - yp < 0 holds for the burning solution, we know that 
~*~p<OoT’(~)<0 
t2z-p>Oo T’(t)>0 
T’(tl)=O, 5#04'z=p(5). 
From these, we obtain 
t32(ti)=P(5i)3 i=l,2 
S”~-P(5)<0, VY E (5,252) 
which implies tir(ti)+ tTr’(<,)<O. If we set f(r)=$t)+ (z'(r) it 
becomes f (5 1) < 0. 
Integrating (3.6) on (ti, 12), we derive 
i.e. 
i.e. 
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On the other hand, differentiating 
f(5)=r(T)+k40(Y-1)(C/rl)k 
t25 - YP 
we obtain 
f’(C) = bo(Y - 1 Nmk 
m*r - YP12 
c5*7 - yp + kg27 - yp) - 2r2T - 5%’ + &p’] 
= kJo(Y - 1 wrl)k 
5e2r - YP12 
CY(~*T -PI + k(t*T - Yp) - (Y + 1) 5’(z + @‘)I. 
Since 
we derive 
f’(4) = NO - Q(t) f(t), where R(<)<O, Q(t)>O. 
Integrating it on (ti, 0, we obtain 
rcs)=rci,)exP[-j*~Q(i)di]+j~~R(r)exp[-j~~Q(~)d~]d~ 
for 5~(t~,5~), i.e.,f(4)<0 for all 5E(51,t2). 
This implies jg: [f(c) d[ < 0 which contradicts j:; f(i) . c d[ = 0. 
4. THE DETERMINATION OF THE SOLUTIONS 
Consider the initial value problem, 
P’(5) = - 5*e) 
u’(5) = -W(5) 
(4 P~~)l~=O=(%, po,to), 
(4.1) 
where u0 = u,(p,) is determined by po. By virtue of the results in the last 
section, we know that the initial value problem possesses a unique solution, 
uk(t) = uk(PO, zO, ?; t) 
Tk(t) = zk(PO, zO, h-i 5) 
Pk(t) =Pk(PO, fO~ % 8 
(4.2) 
for fixed (po, zO, q): U, p increasing, r decreasing as 0 < 5 <q. 
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Set 
~k(PO, 709 VI ‘P/APO? TO> viv) 
B/APO, To, VI = T/APO, To, vi 9) (4.3) 
4(Po, To, ?) = 4&o, 70, vi v). 
Meanwhile, from the Rankine-Hugoniot condition at 5 = g, we obtain 
/J(v)= (1 -P2h2T+ -P2P+ 
i(d=;( +h+ +CL2r+ 
PL(v)=u+ +(l-P2)V+ -+ +P*)P+ 
for solution of type (i). 
Let 
If the temperature along the burning solution is higher than ignition 
point, then, for every k > 1, solving (3.1)-(3.5) is equivalent to finding all 
the solutions of 
That is, to solve (3.1)-(3.5), it suffices to find all the zeroes of I;,(p,, zo, r]) 
as well as to verify the temperature along the corresponding burning 
solution is higher than Tj. In this section, we will prove the existence of the 
zero points of F,(p,, zo, v]). 
Since Ak, B,, and Ck are determined by the initial value problem (4.1) 
and we are unable to find their explicit expressions, it is difficult for us to 
prove the existence of the solution of FJpo, zo, q) = 0. 
To overcome this, we fix (po, ro, q), let k go to infinity, and find the limit 
of the solution of (4.1), which derives the explicit formula of the limit 
function 
(4.6) 
342 TAN AND ZHANG 
i.e., we obtain the concrete expression of F(‘(p,,, rO, q) = lim, _ 3. F&,, rO, ‘I) 
and the zero points of F can be easily found (we denote one of them by x0). 
We first prove x,, is regular, i.e., det F’(xo) # 0, which means ind[F, x,,] # 0 
(see [7]). Then we prove the limit process is uniformly convergent with 
respect to (p,,, r,,, q) in any compact set in RI. Combining this with the 
above and using the Poincare-Bohl theorem we find that for any suf- 
ficiently small neighbourhood Q of x, if k is large enough, deg(F,, 52, 0) = 
index[F, x0] holds, thus there must exist some zeroes of Fk in Q. Let Sz 
vary, it produces a sequence {xk}: Fk(xk) = 8 and xk +x0. 
The above procedure proves not only the existence of a solution 
of F,(p,, rO, q) = 8 for k large enough but also the fact that all the 
CJ-solutions described in Section 2 are the limits of ~~(5) as k -+ co. 
4.1. The Uniform Convergence and the Limit Functions. We want to 
determine the limit function A(p,, rO, q), B(p,, rO, q), C(p,, rO, q). To this 
end we should analyze the integral curve first. 
For fixed k, rk(t) is a decreasing function of {. So we have t(5) < r. 
uniformly for k > 1. Of course, it is reasonable to assume r(5) 2 0. By 
~(0 =po + 2 j-i ir(O di: - <*+3 
45)=uo+ :r(i)dWt) 
s 
we assert that for fixed (po, ro, q), the solution (u, p, t) is uniformly boun- 
ded with respect to k 2 1. 
In addition, we expect the monotonousness of (u, p, r) with respect o k. 
So we should prove a comparison theorem: 
THEOREM 4.1. Let u and I( be two vector functions satisfying 
(4.7) 
u>q( as t=O. 
Assume F(t,u)>_F(t,u) holds for every (t,u)E[W+ x52. _F(t,u) is 
uniformly Lipschitz continuous with respect to u. Furthermore, _F(t, u) is a 
quasimonotonuous f nction, i.e., for every j # i, _F,(t, u) is nondecreasing with 
respect o uj. Then u 2 _u holds for every t > 0. 
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Proof: The proof is similar to that of the comparison theorem in reac- 
tiondiffusion equations. For a small E > 0 denote ui = gi- E( 1 + 2Lt) 
(i = 1, 2, ..,) n). L is the Lipschitz constant for _F, then for each i 
a,v,= a,_u,-2&L<_Fi(o+&(l + 2Lt))-2&L 
1 
<_F,(U)+LE(l +2Lt)-2LE<Pi(u) 
as Ti. 
Let W=U-u, for eachj 
a,oj=a,uj-a,Uj~~j(U)-~j(U)~Fi(U)-_F,(U). (4.8) 
Let t E (0, 1/2L) s.t. w(t) > 0 for every t E [0, z], denote ii’= (u,, . . . . uj- i, 
uj+ 19 -..Y un)9 and write F(U) = F(tij, uj). Then by hypothesis, Fj is 
nondecreasing in ii’, so 
_F,tt, u)=_F,(t, li’, Uj)>pj(Bj, Uj)>fj(U)-L(Uj- Vj) (4.9) 
for t E [0, r]. From this and the above, we obtain 
a,w,+ Lo,20 t E [O, z]. 
By Gronwell inequality we obtain w > 0 for t E [0, ~1. This implies w > 0 
on [0, 1/2L). Let E + O+ * u > _u for t E [0, 1/2L]. Continuing this process, 
we obtain the same inequality on [1/2L, 2/2L], and eventually on [0, r]. 
This completes the proof. 
With Theorem 4.1, we can prove iTJr,/ak>O for k large enough. 
In fact, letting V= dz/dk, W = dp/dk, and differentiating the equations 
(r2~-YP)w)=+)qo(~)k 
P’(t) = - t2e) 
P(0) = PO, z(0) = To 
we obtain 
i.e., 
dV 
x+ B(5) V- C(5) W= Q,(t) 
WY0 = - 52w) 
V(0) = W(0) = 0, 
(4.10) 
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where B, C, Qi > 0. From this we derive 
Let o(t) = jt [V(c) d<. Then it changes to 
w’(t) = 5V5) 
V(0) = w(0) = 0. 
Since 5 > 0, C B 0 and all the coefficients are bounded, from Theorem 
4.1, we immediately find that, for every vi <q, V(t) > 0 for every 5 E (0, vi) 
for k large enough. This means that, for any fixed (pO, zO, 11) ER: , the 
limit lim k+ca rk(t) exists, i.e., the limit (p, r, u)(<)=limk,,(p,, zk, uk) 
exists. 
Now we turn to look into the properties of the limit function so as to 
obtain their explicit expressions. 
From (‘~~(5) <YP,J[) we obtain that tJ2r(t)<yp(<) holds for any 
5 E [0, ~1, where p(r) and r(c) are increasing and decreasing functions, 
respectively. And from the property of monotonous functions we know that 
the derivatives of p(r), r(r) exist almost everywhere. They satisfy the 
following equations in integral meanings 
dz 
(t2r-yp)-g=o 
P’(5) = - 52e). 
From this, we know that p(t), r(t) are composed of rarefaction waves 
or constant states, and furthermore, if 7~ - c2r >O on some compact 
interval Z included in [0, q), then p(c) and $5) must be constant on this 
interval. 
We can prove p(5) and $5) are continuous on [O, q). 
In fact, in the neighbourhood of 5 =O, since p(r) ap,,, z(r)<r,, so 
y~r- 12.r 26, >O, thus p(c) and ~(5) are all continuous at 5 =O. When 
{ > 0, from (4.1) we obtain 
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i.e., 
T/c(5) = 
1 
(Y+l)52 
[&(O-JG - 2(Y + w* D/c(5) + Qo(Y - 1 K/?Yl> 
(4.12) 
where 
By the Lebesgue Domination Theorem we obtain 
(4.15) 
i.e., b%.(5), b(5)) + (E(5), NO), where E(t), O(t) are all absolutely 
continuous. This implies p(r) and ~(5) are continuous as 0 < 5 < q, since 
T(r)=E(r)-JE2-2(Y+1)52D(5) 
b+l)t2 . 
The possible structures of p(l) are shown in Figs. 4.1(a) and 4.1(b) 
where R is an R-curve which start from (po, ro). 
In fact, the structures to p(5) shown in Figs. 4.2(a) and 4.2(b) are 
unreasonable. For Fig. 4.2(a) 
7) 
(4.la) 
t. 1) 
(4.lb) 
FIGURE 4.1 
505/95/2-10 
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FIGURE 4.2 
but 
T(Cl) = T(L), P(51) =P(5*) contradicts 5, < t2. 
And for Fig. 4.2(b) 
5Nt2) = YP(5,h rW*) > YP(52) as 5>t2 
which contradicts 
YP(5) > T(5) . r*. 
The explicit expressions of p(5) and z(5) can be easily obtained also. The 
equation describing the R-curve which starts from (p,,, TV) at t = to is 
pTy =por; 
P’(5) = -<*T’(t) 
P(50) =po, T(to) = 70, tit = YPoho. 
Solving it for to < 5 <q, we obtain 
p(+~(* $! 
0 
2/CY + 1) 
(4.17) 
50 
WY + 1) 
T({)=T, - . 
0 5 
(4.18) 
Taking 5 = q, by Lebesgue Domination Theorem, we know (4.15) and 
(4.16) still holds. Set V=lim,,, ~~(5). From (4.11) we obtain 
v(V) + YPoTo 
-+(Y-1) jo~W)Gqo(y-l)=O. (4.11)’ 
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thus, for q* > ~J&,, we have 
E=Y ~o+2j)W& 
V(Y + 1) 
70 
4/(Y + 1) 
D=‘iPo~o+(‘l-l)~nCr’(i)dS=~(y+l)r12r~ $ . 
0 0 
If v2 < ypo/zo, E and D change to 
E= Y(PO + ~~20) 
D = YPO~O + ((Y - 1)/2)&*. 
Certainly, the functions E( pO, ro, q) and D(p,, ro, q) defined above are 
differentiable in RI. 
From the expressions of E and D, we can immediately obtain the expres- 
sions of A, B, and C. This will be done later in this section. 
So as to employ the degree theory, we need to prove the uniform 
convergence of zk(pO, ro, q) (as k -+ co) with respect o (po, zo, q) in RI. 
Similar to the one-dimensional case, we have 
THEOREM 4.2. Suppose for any n > l,f,(x, y, z),f(x, y, z) are continuous 
in closed cuboid I. And fn(x, y, z) are monotonous functions with respect 
to every variable x, y, and z. If fn(x, y, z) + f(x, y, z) on Z, then the 
convergence is uniform with respect to (x, y, z) E 1. 
Proof: It suffices to prove it in the case when the number of the 
variables is two and fn(x, y) are increasing functions with respect o every 
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variable. Let I= [a, b] x [c, d]. By the continuity off(x, y) we know that 
V)E > 0, there exist partitions for [a, b] and [c, d], 
x,=a<x,<x,< . . . <x,=b 
yo=c<y,<y2< . . . <y,=d 
such that O<f(xi+i, Yj+,)-f(Xi, yj)<&/2 holds for i=O...m- 1, 
j=()...k-1. 
From fn(x, y) +f(x, y) we know that 3n,, as n >q, IfCn)(xi, y,) - 
f(xi, yj)l <s/2 holds for i=O...m,j=O...k. 
For every (x, y) E [a, b] x [c, d], assume xi d x < xi+ i, yj Q y G yj+ i, by 
the monotonousness we have 
Thus, 
f’“‘Cxi, Yj) bf’“‘tx, Y) Qfcn)Cxi+ 12 Yj+ 1) 
06.ftx, Y)-f(xi9 Yj)6E/2 
o~f(Xi+13 Yj+l)-ftx9 Y)Gd2* 
f(n)(Xi, Yj) >f(Xi, Yj)-E/2 >f(X, Y)--E 
Hence, 
If’“k Y) -f(-G Y)l <E, 
i.e., VE >O 3n, when n > n,, I~@)(x, y) -f(x, y)l <E holds for every 
(x, y) E Z. This completes the proof. 
With Theorem 4.2 we can prove r,(q, pO, r,,) + r(q, p,,, rO) uniformly in 
any compact set in RI . In fact, from (4.11)‘, we derive 
~/A% PO, 70) = 
&(tl, PO, ~0) - ,/E:. - WJ + 1) Dk + 2qo(y2 - lh2 
bJ+m2 
9 
where 
J%(YI,PO,~O)=Y ~o+2j-$t)Sd4) 
( 
D/A% PO, 70) = wozo - qo(y - 1) + (Y - 1) J1” t&3 d5. 
From the continuous dependency and differentiable property of the solu- 
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tion for ordinary equations with respect o initial data and parameters, we 
know that E,Jq, pO, r,,) and D,(q, pO, rO) are all continuously differentiable 
and 
So as to prove the uniform convergence, we want to prove all the above 
partial derivatives are nonnegative. It suffices to prove ark/all, dz,/ap,, 
ark/&, 2 0. To this end, we denote U = ap,Jaq, V = ar,J@. Differentiating 
the equations we obtain 
(C’v-ra)r6(r)+(S7rk-ypk)~= -k2q,(y-1) i 
0 
k-l 1 
‘II’ (1) 
U’(5) = - r’w), U(0) = V(0) = 0. (2) 
From (2) we derive 
u(t)= -t2V(5)+2 j)v(iM 
Substitute into (1 ), 
(t2Tk-ypk)$+&(+yc1)~2v([)-2~ j;,V(,,d[] 
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Since r2rk - ypk < 0 and 26(t) < 0, it may be written as 
where Q(t)>0 and C(t)>O. 
Let w(r) = jf, [V(c) dc, it turns to 
dV 
z= Q(5) + W(5) 45) -(Y + 1) t2W) v 
' W(5) @(5) - (Y + 1) 5'C(O v
V(0) = o(0) = 0. 
By virtue of the boundness of the coefficients and C(t) > 0, [ > 0 as well 
as Theorem 4.1, we obtain ~(5) B 0 and V(l) 2 0, i.e., ar,({)/aq > 0 for 
CJ EPA VI. 
If we set U= apk/apo, V= atk/apO, we obtain 
(5’u-YV)t;(r)+(52r,-YPk)dl/=O 
at 
(3) 
U’(5) = -W(t) 
U(0) = 1, V(0) = 0. 
(4) 
From (4) we obtain U(5) = - t2U+ 2 ji V(c) dc + 1. 
Substituting into (3) and applying Theorem 4.1 in the same way, we 
derive &,/ap, > 0. Similarly, &Jar,, 2 0. 
Having 
aE 
J30, 
aE 
220, a&c 
aq ape 
F 2 0, 
0 
ao,>, ao,>, dD,>o 
all ’ ’ ape' ' aTo' ' 
we know that (Ek, Dk) + (E, D) uniformly for every compact set in R> . 
That is 
(4, B,, C/c)h ~0, ~0) -, (4 4 C)(rl, PO, 20) as k-co, 
uniformly for every compact set in RI. 
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Thus we have proved that, for the burning solution of type (i), 
F/Jr, POP To) + J-t% PO, 70) 
uniformly for any compact set in R: (Fk and F are defined in (4.5) and 
(4.6) respectively). 
4.2. The Zeroes and Their Index. In this subsection we will determine 
the location of the zeroes of F(q, po, ro) and calculate their indices, i.e., we 
want to prove index[F, x0] = - 1 for burning solutions of type (i). 
(1) Assume q2 Q ~~o/ro, we have E= y(po + rfr,), D = ((Y - l)/2)q2ro 
+ YP~~~, and 
Y+l 
--y r12v2tv) - Y(P0 + v220) V(v) 
+ ~~o’o+~~~~‘-~o(y-l)]=o. 
[ 
From this we obtain 
z(rl) = Y(P0 + v220) - J(YP0 - ‘12ro12 + 2(Y2 - 1 )4o12 < z 
(Y+w12 
03 
p(v) =Po + v220 + &PO - v220) + 2(Y2 - 1 h240 
Y+l 
‘PO 
u(q) = uo + 7,q - tp(q) L 240 + 
V2To - ypo + &PO - q25d2 + 2(Y2 - 1 )qoq2 
b+l)rl 
Define 
fh PO, To) = & L-PO + v2ro + &PO - 12To)2 + 2(Y2 - 1 )v2qo 
-a2t+ +(Y-l)P+l 
gtrl, PO, TO) = (y+11)12 CY(Po+v*~o)- (YPo-12~o)2+2(y2-l)~2q, 
-2YP+ -(Y- 1h2~+1 
htv, PO, TO) = (~0 - u+ ) + & C(v2to - YPO) 
+ J(YPo-12~o)2 + 2(Y2 - l)v2qo+ 2YP+ - 2V2T+ I. 
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Then 
F(% PO, To) = (f(% PO, ToI, ‘drl, PO, To), 4% PO, To)). 
We detect F(q, po, q,) so as to find the location of its zeroes. First from 
f(% P 09 70) = 0, &L PO? To) = 0, 
i.e., 
Po+r1220+J(YPo-42~o)2+2(Y2- m2!70-212~+ +b- l)P+ =o (1) 
Y(P0 + V2To) - J(YP0 - V2To12 + 2(Y2 - 1 PI*40 - 2YP + - (Y - 1 )r12T + = 0, 
(2) 
we obtain 
+ J-b-p+ 
To-T+’ 
Substitute into (1 ), then 
YP+ -V2T+ +J(YPo-1220)2 +2(Y2- 1)q2q,=0, 
i.e., 
(YP+ -v2r+)2 - (YPo-r2ro)2=2(Y2- 1h2qo, 
i.e., 
(YP+ -1*2+ +YPo-v2~o)(Y(P+ -Po)- (PO-P+)) 
=- 2Jy~~1+Po-P+h 
0 + 
That is 
Thus 
i.e., the (p, x)-plane projection of the zeroes of 41, po, ~~~ are exactly 
located at D( + )-curve (described in [2]). Furthermore, from q* G yp&, 
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and p0 >p + , we find that (p,, rO) must be located at the SDT-segment of 
D( + ). Similarly, one can easily find from 
f(% PO, To) =o, hh PO? 70) = 0 
that the corresponding (no, po) must be located at E( + )-cu_rve. 
Since the process above is revertible, we know that if W( - ) intersect 
with @( + ) at a SDT point, then the point must be one of the zeroes of 
F(?9 PO, 70). 
After the location of zeroes of F is determined, we can calculate the 
indices. We want to prove 
index[F, x] # 0. 
For convenience, we redefine 
f=Po+‘12~o+J~yPo-42~o)+2(y2-l)r1240-212~+ +(y-l)P+ 
g = Y(P0 + V2’o) - &PO - v220) + 2(y2 - 1 h240 - 2YP+ - (Y - 1) P+ 
~=(~o-~+)rl(Y+1)+(?2~o-yPo) 
+ JCYPO - q2d2 + 2(y2 - 1 h240 + 2YP+ - a22+. 
The partial derivatives are 
af -=2q(C-D/A), af 
all 
-= 1 + (B/A)y, 
aPo 
&‘(l-B,J4) 
0 
ag 
-==2?(Y~o-(Y- 115, +UA), ag all -=y(l -B/A), aPo $=v’(Y +WA) 
~=(y+l)(.o-~+)+2~(c-o,~~, ~=(Y+l)V4(Po)-y(l-B,L4), 
0 
ah 
z=v2(1 -WA), 
0 
where 
A = &PO - v2roJ2 + 2(Y2 - 1h240? B = YPO - v2to 
c=ro-22+, D=Bz,-(y2- l)q,. 
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And the determinant 
w9 g9 h) 
WV7 Pn7 70) 
MC-WA) 1 + (fvA)Y v2(l -B/A) 
= h(Y%--b-1)7+ +D/A) Y(l -B/A) ?*(Y+wA) 
(Y+1)(un-u+)+2rl(C-DIA) (Y+l)qub(pn)-y(l-B/A) 1*(1-B/A) 
=(‘+fi)*‘* {B(~+1)(U~-U+)+2~[7+(A+B)-(y2-1)~~][?&(~~)-1]}. 
From f(rt, po, zo) = 0, dv, po, zo) = 0, WI, po, zo) = 0, we obtain 
Po+rlZTo=P+ v22+ 
duo-u+)=po-P+ 
A = J(YP0 - v2To)2 + 2(Y2 - 1 )4o’12 = V2T + - YP t 
B=YPo-v2to= -A+(Y+ l)(Po-P+). 
Since q2 > ‘ypo/zo, (po, to) is located at SDT segment, it must satisfy 
POBP, zo<z+, 
- - where (p, z) is the CJDT-point which satisfies 
(D-P+)=?1 J&7 
(P-P+b+ =1 c~Y+~~~+J~~o~Y+~~2~2+~YP+~+1~ 
>$(y+1).2qo/.?x2=2qo(y-1). 
So for (po, zo) on SDT segment we have 
ho-P+)7 + 2@-P+b+ >%lo(Y-1). 
Based on these facts, we prove 
D = D(fT&h) <o 
’ wrl, PO? To) . 
In fact 
D =(y+A1)2’1 {B(y+ l)(u,-u+)Y/ 1 
+2v2w+m+ -(Y2- l)qolC?4(Po)- 111 
- {B(Y + l)(Po--P+) 
+21*c(Y+ l)(Po--P+b+ - (Y2- l)~olC?4(fJo)- 111 
~~(Po--+)+212c(P,-P+)~+ -(Y- l)qolCwb(Po)- 119 
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=mo--P+)+ 2(po-J+) [(PO-P+b+ -(Y- lhol 
0 + 
- -mb-P+)-mo-P+)t+ +w-11% 
= -C~~o~~o-~+~+~o~Po-P+~+~~Po-P+~~+-~~~-~~401, 
i.e., 
015 -E:~Y+~~~o~o-~Y-~~~o~+-~~+~+-p+~o-~(Y-~)qol. 
FromD(+), (Y+~)PO~~+(Y-~)P+~O-(Y-~)PO~+-(Y+~)P+~+= 
2(y - l)q, we have 
D, 5 - C(Y- l)P+Z+ +Pot+ -YP+%l 
= - [(PO-P+b+ +YP+(~+ -~o)l <o (Po>P+, zo<r+). 
(2) If q2 > ypo/zo, we have 
So V(q) = lim, _ o. zk(q) satisfies 
WY + 1) 4AY + 1) 
t/W(r]) - 2$ 0 2 ~owl)+12~o 0 2 - 2p2qo = 0. 
Noting lim, _ co T;(V) = - 00 and z(q -0) = zo(~o/yl)l~(y+‘), we find 
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Define 
f(rl, PO, 10) = A v2 
0 
V(r + 1) 
52 To 
Y ? 
+1(2cL240P2- (1 -P2h2T+ +P2P+ 
d?, PO, 70) = To 
0 
t 
2/(y+l) 1 
-; (2P290P2 
-+ +P2)P+ -P2T+ 
44 PO, 70) = (uo - u+ I+ --+‘“(‘l(yy+‘)-<o) 
+ (2/J2qoP2 -(1-~2)~~++~(l+P’)P+. 
So we have 
m PO, 50) =(f(rl, POP To), &I, PO, To), NV, PO, To)). 
At first, we find the location of the zeroes of F. 
From f(q, po, zo) = 0, g(q, po, TV) = 0 we obtain 
P+v$7ii=(l-P2)r12~+-P2P+ 
~-~~=~(l+pL2)p+ +p%+. 
From (a) + q* x (b), we obtain 
p++=p+ +q2z+, 
where 
WY + 1) 
- 2- <O yp=tj z=toq2 - 
0 
(=r12$rl-Oo)). 
rl 
So we derive 
p= &(P+ +f12t+). 
Substituting into (a) we obtain 
(4 
(b) 
(b)’ 
(cl 
f12r + = YP + + (Y + 1 h J2P2q09 
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i.e., 
Substituting (d) into (c), one obtains 
so 
P=P+ + rl$i&i, i.e., P-P, =vJrn. 
thus 
But on the other hand, from (a) and (b)‘, we obtain 
JO= -(l-~‘).p~r+-(P*p++p) 
J--2~24o(P-P+)(?--++=(~+~2P+)(~--++2)-(1-~4)P+~+. 
Hence, 
- - That is, (p, z) is located at D( + )-curve. Along the D( + )-curve 
4 P+P*P+ 
z=- ’ T-p%+ 
But at point (p, Z) we have 
so 
4 
z (P,S) = -v2=~-p+ T-T+’ 
358 TAN AND ZHANG 
- - i.e., (p, r) is the tangent point of the tangent line starting from (p + , z + ) to 
the D( + )-curve. Since q >O,p=p++q$$&>p+,weknowthat(&?) 
must be a CJDT-point. - - So (q, p, r) is only determined by (p,, t,, qo, y) 
and then (p,,, to) is determined by 
0 
MY + 1) 50 =f 70 - VI 
NV, PO, To) = 0, 
where &, = ypo/zo. 
Analogous to the previous, we redefine 
f(% PO? To) = i u2 
0 
ro 
2/(Y + 1) 
Y v 
ro+rlJmG 
-U-P2h2r+ +P2P+ 
WY+ 1) 
g(vl, PO, 70) = ?I2 
0 
2 ~O-lJZZ 
2 250 
0 
MY+ 1) 
NV, Po,hd=(~o-~+)rl+- y-lroq q 
-~Po~+~4-(1-p2)r127++(1+~2)P+~ 
where u. = uo(po) is determined by Gs( - ). 
We want to prove 
To this end, we first calculate all the partial derivatives in the determi- 
nant. 
af+?+LA t 
all 
ag- -C+2yA z 
y+l l O’ zq- y+l l O’ 
af 2 D ag 2~ D ah 4y D 
apo=y+1 ’ apo=y+1 ’ 
-- 
ape-y2-1 ’ 
af 1 a4 -=-p2A, z=pzA, 
ah 2 
aro Y 
- - p2A. 
0 G-y-1 
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Here 
MY+ 1) 
=?A13 B=&&-2(1-~2)~r+ 
-(Y-l)l(Yfl) 
C=2P217+ +Jmi, 
W-, g, A) 
D(rl, PO, 70) 
2 2 
B+- A,r, -D !!!A 
Y+l Y+l Y 
= 2y Az -C+- 
y+l lo 
AD 
Y+l 
P2A 
(u,--u+)+-&Ar,+B-2 $$+&(po)--$ %A 
Y-l = -pA(C+yB)u] u;(po)--$ . 
(Y+l)Y > 
Since 
(C+YB)V=?I,/%%+~W~~+ +Y ,/&%-W-P~)YV~+~ 
=(Y+m~+212 --q-q 7, ( 
Y-l 2Y 
) 
=(Y+1)Cq~-(1-~2)r?27+l 
= -(Y+l)(P+P2P+). 
So we obtain 
D(f, s,h) y-1 
Dh PO, 70) 
=-----A (P+112~+)(u6(~o)-~)<0, 
Y 
Now we have proved that, for the solutions of type (i), no matter 
whether q2 < ?ipo/7, or q2 > ypo/ro the zeroes of F(q, po, 70) is a Cl-map- 
ping from R: + R3. And by virtue of the continuity and differentiability of 
the solution for ordinary equations with respect to initial data and 
parameters, we know Fk are Cl-mappings also. Furthermore, we have 
proved that 
F,c(l~, PO, 70) + F(rl, PO, 70) 
uniformly for (q, po, 70) in any compact subset of R: . 
(4.19) 
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Based on these, we have 
THEOREM 4.3. Suppose x= (ij, PO, 5,,) E R: is a zero point of F, i.e., 
F(x,) = 0. Then there exists a consequence {xk}, xk = (q”, pi, ~g) E RI, s.t. 
Fk(xk) = e and xk + x(), as k + + co. 
So as to prove Theorem 4.3, we employ some results in the theory of 
Brouwer degree (see [7]). 
Assume F: 52 + R”, Q c R”, then for the Brouwer degree deg(F, Sz, p), we 
have 
(A) Let KcQ be a closed set s.t. p# F(K), then deg(F, Q, p) = 
deg(F, Q-K, p). This means that it is reasonable to define the index of F 
at its zero point x0 as index[F, x,,] = deg(F, 52, e), where Q is any open set 
which includes no zeroes of F except x0. 
For the regular zero point of Cl-mapping, we have 
index[F, x0] = sgn(det F’(xO)). 
(B ) KRONECKER THEOREM. Zf p 4 F( liz), then deg( F, 52, p) = 0. Inversely, 
if deg(F, l& p) # 0, we know that the equation F(x) =p must possess some 
solutions in 52. 
(C) POINCAR~BOHL THEOREM. Let f, g: D + X be continuous mappings, 
for any x E al.2, p does not locate at the line linking f (x) and g(x), then 
de&f, Q, PI = de&g, Q, P). 
Proof of Theorem 4.3. As we have proved, F, Fk E C ‘( R: ). For any 
x,# 0 s.t. F(x,) = 8, we have det F/(x,) < 0. Applying (A) we obtain 
index[F, x0] = - 1. 
Let 0, c rW> be any sufficiently small neighborhood of x,,, of course 
we may assume 52, includes no zeroes of F except x0. Denote 
6 = min,,an, IF(x)1 > 0. 
Since 
F&J -+ F(x) 
uniformly in any compact subset of RI, we know there exists k,, when 
k>k,, 
IF/Ax) - F(x)1 < d/2 holds for every x. 
Letting x E X2,,, 0 < t < 1, we derive 
IF/clk(X)t + (1 - t) F(x)1 = IF(x) - t(F(x) - FJx))I 
> IF(x)1 - IF(x) - F,Jx)J > 6/2 > 0. 
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That is, as k > k,, for any x E 852,, 8 is not located at the line linking F(x) 
and FJx). Applying the Poincare-Bohl Theorem, we obtain 
deg(F,, O,, 0) = deg(F, Qn, 0) = - 1. 
From the Kronecker Theorem, we know there exists an ~~~52, s.t. 
Fk(xk) =O. So Theorem 4.3 is true due to the arbitrariness of Q,. This 
completes the proof. 
4.3. The Same Results for the Solution of Type (ii). In this subsection, 
we consider the existence of the solutions of type (ii) for k large enough, 
which equates to solving 
A/c(PClv zOv rl)=Pi, 
B,(Po, To, v) = zis 
C,(p,, 70, rl) = U& 
(4.20) 
where Ak, B,, and Ck are defined in (4.3). (pi,, ri,) is located at S( +) s.t. 
pi,~is= Ti. And (u+ pi,) is the corresponding point in the (u, p)-plane. 
Analogous to that before, let 
Solving (4.20) is equivalent to finding all the zero points of F,Jp,, zo, q). 
We first find the zero points of F(po, zo, q). 
(1) If the limit solution does not include rarefaction waves, i.e., 
~*<ypo/zo, by (4.19) we know 
uniformly for (po, zo, q) in any compact subset of R: , where P= (f, g, h) 
f= ~~PO+‘12rO+~~YPO~~2~O)2+2(Y2~1)~2~o)~p~~ 
“=(Y+ll)$ cY(Po+12~o)-J(YPo-~~20)*+2(y2-1)~2qo]-~j, (4.21) 
h = (u, - ui,) + & cJ(YPo-r2~o)2+2(Y2- 1)1*q0+(1*%-w0)1, 
where u. = u,(p,) is determined by gs( - ), 
505/95/2-11 
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Solving the equation F(;(?, pO, TV) = 8, similar to that in Subsection 4.1, 
we can prove (PO, rO) satisfies 
(PO +P’P~,)(c~-P~T~~,)= (1 -P’ T~, +2p2qo* 
Furthermore, from pOk<piS, z~~>T~,, we know that, if (pOk, rOk) + 
(p,,, q,), then it must satisfy 
Let 
And from q* < ~~o/rO, we know that the (p, r)-plane projection of the 
zero points in S2? must be located at the WDF-segment of D(i,). 
Inversely, if W( - ) intersects with W( + ) at a WDF-point, this point 
must be a zero point (included in a’) of F. 
Having known the location of zero points, we turn to proving their 
regularity. 
For simplicity of calculation, we replace (f, g, h) in (4.26) by 
((Y+l)f,1*(y+l)g,(y+l)llh)wehave 
df=2q To-; ) ( ) 
af -=l+$ af B 
all ap, 
-12 I-- 
To- ( > A 
zz2q L yrO-(Y+l)TiJ+~ ) 1 ?Ly 1-z )ape ( ) 
ag -$-&=4* ,+; ( > 
ah 
;j;;=(Y+lk40-ui,)-2rl To-; 7 
( > 
B 
-g=(‘i+l)ub(P,)-7 1-z 7 
0 ( 1 
ah -= 
aTo 
where 
A = &PO - t1*d2 + W2 - 1 h2qo, B = YPO - rl*zo, 
D=Bz,-(y*-l)qo. 
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so 
(Y+l)h--u,)+2rl To-; (y+l)r]ub(po)-y l-! 
( ) ( A) ~2(l-;) 
h(7rs - Di,?lA) 0 -B/A 
= 0 Y+l 1 $(Y + 1 Y, 
uo - 4, Vb(Po) - 1 0 
where 
Dis=BT,-(y*- l)q,. 
Hence, 
w-> g, h) = V2(Y + 1)’ 
D(% PO7 TO) A 
{WY+ l)(UO-Ui,)-V(Ub(PO)- l) 
x Mb4 - Bbi$ + (Y2 - lkol}. 
Note (po, zo, q) is a zero point of F and satisfies 
PO + 12TO=Pi, + 12Ti, 
rl(“O-uis)=PO-Pi~ 
A = YPi, - ‘IzziT 
A-B= -(Y+ ‘)rl(“O-uis)= -(Y+ l)(Po-Pi,)=(y+ l)(p&-pO)>O. 
so 
D(f’g’h) ‘B(uO-ui~)~+212[(Pi~-Po)~i~+(y-l)qo] 
D(% PO? To) - 
=B(PO-Pi~)+2r12C(Pj,-PO)ti,+(Y-1)qO] 
- -g(TO-Ti~)+2C(Pi~-PO)~j~+(Y-~)qO] 
= - CYPO(tO-ris) + (PO-Pi,)rO-2(Pi~-PO)tj~-2(y- l)qo] 
= - C(Y+ ‘)Po~o-(Y-‘)PO~~~-TOP~~--P~~T~,-~(~- I)qo] 
= - C(PO-Pis)Tis+1)Pi,(Ti,-20)] >Oy for PO <Pi,. 
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If p0 =pi, we have ub(p,) < 0, which also conduct 
w, g, A) > o 
D(% PO, To) . 
(2) If the limit solution consists of rarefaction wave and constant 
states, i.e., q2 > ypo/zo, then the limit function A, B, and C defined in (4.6) 
are known to us [see (4.20)]. Also we know 
&(Pcl? 707 v) 2 RPOY t0, 9)=(A-Pis, B-zis, c-uiz). 
Similar to that of the CJDT, we can prove that the necessary and suf- 
ficient condition of (po, ro, q) be a zero point of F is that the left limit state 
of rarefaction wave at < = q must be CJDF point and the correspo_nding 
(po, uo) is the CJDF cross point of the two wave curves I+‘,( - ) and W( + ). 
We prove the regularity of the zero point of F also. For convenience we 
take 
h(P0,rO;9)=(u,-ui~)rl+~iO’12 t 
0 
WY + 1) 
Some of the partial derivatives of them are 
2 af=B1 +-A,z,, 
all Y+l 
ag= -c,+- 
au 
2y A z 
y+l i” 
where others are the same as these in CJDT case. 
B1=$ZO. 
WY + 1) 
dA2, 
rl 
'1 = JZG + 2Viz, 
-(Y--l)l(Y+l) 
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Similar to CJDT, we have 
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2 2 
II+---AA,70 -D !!?A 
Y+l Y+l Y 
2y Az -C+- 
y+l lo 
AD 
Y+l 
P2A 
(u,-u,)+-&A~T~+B-~ $$+&(po)-~ 5 
So we have: 
THEOREM 4.4. Let x0 = (rj, po, Z,) E 52’ be a zero point of F, i.e., x0 E 8’ 
and F(x,) = 0, then there exists {xk}, xk = ($, pt, T:) E R: , s.t. ~Jx,) = 6 
andx,+x,ask+ +co. 
5. THE TEMPERATURE ALONG BURNING SOLUTION 
Regardless of temperature, we have proved the existence of solutions for 
Eq. (4.3) as Well as the existence Of the limit Of (qk, pok, rok). In this SeCtiOn 
we will investigate the temperature along the burning solutions as k large 
enough i.e., we want to prove that, when k is sufficiently large, 
Tk(t) =Pk(l) rk(t) > Ti holds for 5 E (0, ylk). 
First we consider the case when the limit solutions consist of detonation 
waves. 
As described in Section 2 as well as those proved above, we know that, 
for the limit solution of type (i), the necessary and sufficient condition for 
(q, po, ro) to be a zero point of F is that its (p, r)-plane projection locates 
at SDT or R(CJDT_)-curve andthe corresponding (uo, po) is a cross point 
of the two curves W,( - ) and W,,( + ). 
For such point (Q po, r,), with geometrical method, we can obtain 
(p(q), 7(q)): (1) (po, zo) locates at SDT-segment, (p(q), z(q)) is just the 
intersect point of S( + ) and the line linking (po, zo) and ( p + ,7 + ). (2) If 
(po, zo) locates at R(CJDT)-segment, (p(q), r(q)) is just the intersect point 
of the line linking (p, t) and (p + , - - 7 + ) with the curve S( + ), where (p, t) 
is the CJDT-point. 
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From the equations, we have 
Tk(5) = 
Ek(o- %3-w+ l)D&)cJ2+2q&- l)(’ ; 
0 
(Y+1)t2 
Ek(5) 1 Pk(o=- - 
Y(Y+l)+Y+l 
J%~)-2(Y+l)D,(5)52+2q0(y2-l)52 ; 
0 
for 0 < [ < qk. 
Extend their definition domain, i.e., let (p,Jt), z,J[)) = (pk(qk), zk(qk)) 
for 5>rlk. 
2~,(5) P2c35) P2Ek(L3 Tk(5)=Pkm5k(5)=Y+1-- 
Y(Y+1)+Y(Y+1)r2 
x E;5(o-2(y+1)D,g2+2q,(y-1) I -2q p2 
LJ O elk. 
Let 
P’&(t) F(x)=-J 
Y(Y + 1) 
E:(t) - 2(Y + 1) D,t2 + 2q,(y* - 1)t’x - 2qop2x, 
F”(x) ~0, so for 0~ XC 1 we have I;(x) > min[F(O), F(l)]. Thus if we 
denote 
p2Ek(5) gOk = 
Y(Y + 11t2 
JE;(5) - 2(y + 1) Dkr2 
glk = 
P2&(<) J 
Y(Y + 1)5’ 
E:(5) - 2(Y + 1) D/c(t) t’+ 2q,(y2 - l)t2 - 2qop2. 
We have 
T (<I a 2Dk(t? 
k 
POE: 
Y+l Y(Y + l)r’ 
+ min[gOk(t)y &k(t)] h Tkk(t) 
Since E/c(t) =: E(5), D/c(t) =i D(t), we know g,(C) 3 gi(r), i=O, 1. So 
_r,(t) 2 ,T(t-). 
By the continuity of Ek, Dk, we know T(t) is a continuous function also. 
If the limit solution consists of deton&on waves, assume pot0 > TV, we 
investigate the following cases. 
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(1) p(q) r(q) > Ti. For this case, T(q) = min(p,z,, p(q) z(q)) > Ti. By 
the continuity of _T((5), we know there exists 6 > 0, _T((5) > Tj + 6, > Ti holds 
for every 5 E (q - 6, q + 6). By virtue of the uniform convergence, we know 
there exists k,, s.t. k 2 k,, ,Tk(t) > Ti holds for all <E (q - 6, qk). 
Hence, 
And for 5 E [0, q-S], we have 
So, there exists k,, Vk>k,, we have Tk(t)=pk(t) 7Jl) > Ti holds for 
every 5 E [0, r] -S]. 
Thus, when k>max(k,, k,), Tk(t) > Ti holds for 5~ [O, qk). 
(2) If Av)7(rl) < Ti from ok 7&d -P(V) 7(v), we know there 
exist k, as k z kZ, we have 
Fixing k 2 k,, there exists a neighborhood (qk-dk, qk) of qk, S,>O, 
VY E (vk - L qk), we have 
~(0 7d5) < Ti 
which contradicts the fact that (pk(<), ~~(0) is a burning solution. 
Combining with (1) and (2) above, we know that, to determine whether 
the solution (for the CJ-model) corresponding to the cross point of the two 
wave curves ks( - ) and I?,,,( + ) is the limit solution, we not only need 
to verify po7,> Ti, but also to verify whether p(q) 7(q) > Ti holds. If 
p(q) 7(q) > Ti then the solution must be the limit of the solutions of 
selfsimilar ZND-model as k -+ + co. If p(q) 7(q) < Ti by virtue of the results 
proved in Section 4, we know that the solution (for the CJ-model) must 
not be the limit of the admissible solutions of this selfsimilar ZND-model. 
Now let us turn to consider the DF-case. 
As we know, the necessary and sufficient condition for (q, po, zo) E 52’ is 
a zero point of F is that its (p, z)-plane projection locates at W_DF(i,) or 
R_(CJDF) and the corresponding (u,, po) is the cross point of W,( - ) and 
WDF( + ). For such point, from Section 4.3, we have p(q) z(q) = Ti and 
pk(qk) 7k(qk) = Ti for k large enough. 
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We also assume par, > Ti. We consider the following two cases: 
(a) p0-q2r,> 0, i.e., (pO, Z~)E WDF(i,), for this case, since 
Pk(5) - mo = --& -G(5)-2(Y+1)~,(~)~52+2(Y-l)q, i t2 
0 
2 
2 - &:(5) - QY + 1) D,A2 -; p*& P ak((). 
Y+l 
Similar to the above, we obtain 
45) =t 
,/E*(4) - Z(Y + 1) X2 POW) -- 
Y+l Y 
WPO - 5*20) (Y - 1 NPO + 5’zo) = 
y+l - Y+l 
= po - pzo >po - q2zo > 0. 
If 5 > 1, ad4) =I PO - r*zo >0. 
So there exists ko, Vk 2 ko, we have ak([) > 0 holds for any <E (0, qk), 
i.e., ~~(5) > t2rk(<), hence Vk > ko, Tk(<) is a strictly decreasing function 
for every <E (0, qk). 
Combining with Tk(ylk) = Ti, we obtain 
T(O > Ti9 vt E a ilk). 
(b) p. - q+*r, < 0. For this case, we choose <r to satisfy 
s.t. po- 5:z, < 0. 
We have ~~(5) +po, ~~(5~) + r. so there exists k,, ka k,, 
P~(<,)--<:z~(<~)<~, i.e., as k>kl, we have T’(cl)>O. 
On the other hand, from Theorem 3.2, we know that the temperature 
along the burning solution may only be the three structures shown in 
Figs. 5.1(FltS.l(F3). 
From ~k(t;~) +po, ~~(5~) -+ ro, pozo> Ti and T’(c$,) >O as well as 
P~z~(~~) = Ti, we know that when k is large enough, the temperature along 
burning solution is only the structure illustrated in Fig. 5.1(F3). 
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(F2) (F3) 
FIGURE 5.1 
(Fl) 
Because p1 
k large enou, 
(5) S po, ~~(5) 2 to, V< E [0, ti], we immediately obtain for 
gh, 
Tk(cl) ’ Ti holds for 5 E (0, qk). 
Hence, the solu_tion (for the CJ-model) corresponding to the cross point 
of W,( - ) and W,,,( + ) is the limit of the admissible solutions for the 
selfsimilar ZND-combustion model. 
Remarks. (1) If pore < Ti, we can prove that, the corresponding CJDT 
or CJDF solutions (for the CJ-model) is the limit of the burning solution 
of type (iii) or type (iv), respectively. 
(2) For general Riemann initial data, it is not difficult to prove the 
similar results. 
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